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INVAR IANCE I’RINCIPLIiS FOR TUE COUPON COLLECTOR’S PROBLEM :

A MAR~I’INGAL1 APPROACII*

Pranab Kumar Sen
U n i v e r s i t y  of North  Ca ro l ina

ABSTRACT

For t h e  coupon c o l l e c t o r ’ s prob l em , i n v a r i a n c e  p r i n c i p l e s  for the par-

t i a l  sequence of bonus sums a f t e r  n coupons as well as for the waiting

times to obtain the bonus sum t are studied through a construction of a

triangular array of martingales related to these sequences and ve r i f y i n g

the  invariance princip les for these marting ales . This approach provides

s i m p l e r  and neater proofs than g iven in  Rosen ( 19W) , 1970) and strengthens

h i s  convergence of f i n i t e  d i m e n s i o n a l  r e s u l t s  to those  of weak i n v a r i a n c e

p r i n c ip les .
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1. INTRODUCTION

Consider a sequence 
~~N’ 

N� l} of Coupon c oZ1 ~~~r.~ r ‘~~ situations

(1.1) 
~
2N 

= (aN (l) ~~~~~~ 
. ~t.~~~(N) ,pN

( N ) )  } , N � 1

where aN(s) and 
~~~~ 

(‘0) are rea l numbers and 
~~~1

pN (s) = 1 . Consider

also a (double) sequence {INk, k � 11 of (row-wise) independent and identi-

call y distributed random variables (i.i.d.r.v.), where for each N ,

( 1 . 2 )  P {l Nk = s} = 
~~~~~ 

1 ~ S N

Let then

(1.3) 
~ Nk 

= 

a
N

(I Nk ), ~~ 
~ ~~N l ’ 

‘1Nk-l~

0, otherwise , for k ~ 1

(1.4) :
N 

= 

~ i = 1~~Nk , k ~ 1 and :N0 
= 

~N0 
= 0

Then , :N i s  termed the  ~~ na~i ~ oj ?7 lift. -v n ooup ’uv in t h e  c o l l e c t o r ’ s

s i tua t ion C
N
. If the a

N
(s) are all non-nega tive , 2Nn is non-decreasing

in  n ( ’ O ) ,  and , for every t ~ O , let

( 1 . 5) U N ( t )  = m a x {k :  4N k

Then , U~ ( t ) i s terme d t h e  ~‘ z ‘ , “? - 1 t i  ~ : nu~ ~ wn t f~ t h-

4 •
~ 

p~ ~~~~ ~
( 7’ ~~~~~~~~~~ I ‘i l i t  ~n

For an arhi t r;ir~ p o s i t i v e  i n t e g e r  h and {n
lN 

< . . . ‘. Ii~~~~} sat is fvin g

I im  in f  - I I i m  sup . - I . .0 N n iN ‘ N ~ ~bN ~ 
, under  c e r t a i n  regu l;i r i  t y c o n d i t i o n s ,

Rosen ( 19(”) ) has e ct  ab i i  shed (b y v e r Y  e l a b o r a t e  a n i  I s ’~ i s 1 t h e  a’~vmpt ot i c

( m u l t i ) n o r m a l. i t y  of ( t h e  s t a n d a r d i : e d  form o i l  ~ : . , . . .,  . }; i n  a
I N

.— - — - - . ::;iv . :r .. u: ~~~~~~ 
— , • ., ..~,. . - —  — —-— -——— —- .... — _...__ . .. —.— _ _ .
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follow up ( [ 6 1) ,  he has studied parallel results for {U
Nt
}. The object of

the present investigation is to propose and formulate an alternative approach

to this problem based on the weak convergence of a suitably constructed mar-

tirigale sequence associated with the :
Nfl

. This provides a simpler , shorter

and neater proof of the aforesaid normality and also an invariance princi p le

for the partial sequence {ZNk, k~~n} as well as for the corresponding

sequence of waiting times. The basic regularity conditions are outlined in

Section 2. Asymptotic normality of ZNfl is established in Section 3 with

the aid of some recent ly developed martingale centra l limit theorems , and

the multi -normality extension is presented in Section 4. Section 5 is

devoted to the (weak) invariance principle for 
~
ZNk , k < n l  and allied

results for the sequence {U
Nt~ 

t�0 } are studied in Section b. A few

remarks are made in the concluding section .

2. PRELIMINARY NOTIONS

Note that by (1.2)-(l.4), for every N(~ l),

(2.1) 
~~Nk 

= 
~~ ~a~ (5)p~ (s)El p~ (5)l , k� 1 , FY~~1 = O  ;

(2.2) = EZ
N 

= 
~~ l a

N
( s ) { l E l pN (sfl } , n~~ 1 , l :~~) 0 .

Let us denote by

~Nn = 

~~~~~~~~~ 
[1~~e 1 N

(5 )  
i , ~ o ,



4~.

-np (s)N N -n (s)(2 .4) ç = ~~ 1a~(s)e (1-c N~ )

I N N~~~ I’- n
~~~~~l aN ( s)p N (s )e  j , n ~ 0

(2.5) 
~~r 

= N
1 

h aN (s)1 , for r= 1 ,2,3,4

We assume that

(2.6) 
sup~~max 

NPN(s)} M1 
<

( 2 . 7 )  
~~~~~~~~~~~~~~~~~~~~~~~~~ 

= 0

(2 . 8 )  

-

~~ 

lirn inf~
(
~N 2~~~~~~~~ J I ~~~

]  
� H 2 

n ~ -nx
Note tha t  xe~~ ~~c , V x > ( )  and for  O~~~x~ I , 0~~~e - (l-x) n x e

Hence , from (2.2) and (2.3), we have

~Nn~~~Nn 1 = 
~~~ I aN ( s ) ( s ) I e  N 

-

-np (s)
( 2 .9 )  

~~~~l l a N
( s ) I p N

( s ) ( n p
N

( s ) e N e ’M l A Nl ~ 
V n 0 , N

In fact , if the aN
(s) arc all non-negative then 

~Nii~~~Nn 
Also , n o t i n g

-x -x
that c (I— c ) ~- x , V x 0, we o b t a i n  from (2. 4 )  that

) ~ —up ( s )  — f l p  I s )
(2.10) d - ~~~~1

a~~(s)e N 
(I-c 

N

u~~ ~~~~~~~~~~~~~~~~ 
1iM~~\

\~ TlA
\~~) .  V ii -. 1 , N

Fu r t h e r , using the t ;t ct that for I)’ I , ~ 
~~~~~ ( 1-c ‘)~~~~~e k x

x( I - ~x ) ~~~~~~ we obt ‘ i n  th a t t o r  N

.-- . - - ------ - -  -.-~~~~~~~~~~~~~~—-  .- -- -
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- ( n + k ) p  ( s )  -Ii j) ,(s)
N 

I
J N ( 5 ) P

N
( 5 ) C  N }

1 N 
_ ( n + k ) p

N
( s)  _ ( n _ k ) p

N
( s )

( . 1 1 )  - ( l-~~N H
1 o{~ S=I

(5
~

1 N~~~~ 
(1-c

— (2n—1) M /2N N
~(1-

12N M
1
)e (n-1)/2 I~~5 1

a~~(s)p 5
(s) [1-c 1

Now , by ( 2 . (~) ,  ( 2 . 7) and (2.8), AN (  ~~~~~~~~~~~~~~~~~ 
A~~~~~ 1

a~~( s ) p
5

( s )  -1 .

(n + l  i p  ,(s)
V £ 0 , and no t in g  tha t for (s) ~ c/N and n / N  > > 0 , 1 -e 

N 
~ c ( , n) ~O .

we obtain from ( 2 . 1 1 )  t h a t  i f

(2.12 ) 
l i rn in f  N ’n l i n t  sup N 1

n <

then l i r n in f  (d
~~

/nAN2
) > 0. Thus , we ha Ve

~2. I ~) o 1 im i nf  
(d

~~~
/nA N l ) ~ J~~~ SUp (d

~~~
/n\N 2 ) < “

when (2.~~)-~ 1.S) and ( 2 . 1 2 )  h o l d .

We are p r i m a r i l y  concerned here w i t h  the  l i m i t i n g  b e h a v i o r  of the Part ia I

sequence d N
’ (2Nk~~ Nk~ 

L i i )  . S i n c e  d
~~

’a N
( s )  , I < s s N remain invariant under

any s ca la r  m u l t  i p l  i c a t  ion , we may w i t ho s i t  any  lo s s  of gene ra l i ty set

( 2 . 1 4 )  = N
1 

1
a~~(s ) I , for every N

Then , by (2.9), ( 2 . 1 3 )  and ( 2 . 1 1 ) ,  we h a v e  1 
{1~~~

’
l I l
~~k ~N h } ~~~~ so that

we may e q u i v a l e n t  I v  c o n s i d e r  t he  1~~rt i a I sequence 
~~~ ~~N k k ii) . In the

r e m a i n i n g  of this sect ion , we c o n s i d e r  : i b a s i c  l emma , to he used r e p e a t e d I~ i n

subs equen t  sect  I OTIS. l e t  
~Nk = 

~N
t N~ 

, k I and let 
~Nii ~~NL 

‘
~~N k 1

i i  I p1 - 2 )  he such t h i t

~~~~~ 
I S )  m .i \ {rna X

1g (;i (5) ‘
~ N~~~

1 i - ~~~~ P 

~~~~~ 

.

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—~~ —.-- ~~~~ - ,  --—-—~~ -.--..- . - - ______
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( 2 . 1 6 )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~

Note  that  (2 .15 )  and (2 . 1 6 )  insure  t ha t

( 2 . 1 7 )  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

� where M
N S ~~

)
~
lN 3

M
N 4

Lemma 2.1. Under (2.6), (2.15) and (2.16) , for ever y O= ~~~<v 1 
< . . .

p p
(2.18) 1~fJg~~ (Y~ ‘

~ NV 
) = 1 TL L N ~~~~ ~~~~~~

u l  u U 

~~~~~~~~~~~~~~~~~~~~~~~~~

(2.19) CovIg~ 1
(Y \\) ‘

~ NV
1~ 

~~~~~~~~~~~~~~~ = O (N [M N S  V N ’MN 4 I )

(2.20) ~~~~~~~~~~~~~~~~ = 0 (EN ’M
N ~] A [ ( N ’M N 4 ) ] )

Proof. We shall only prove (2.18); the others follow by similar arguments.

Note that

E~~~~g~~~(Y~~ ‘~~N~ ~ ~~~{gN
(a
N
(s) ,p~~(s ) )

u= 1 u u l�s x . . .~s ~N u=l1 p 
P V - V  -l

El- ~ 
u n-i }

k = u

p -V p, (s
(2.21) = ~~~~{~ N11

(~1
N

(5~, ) 
~~~~~~~ 

) i N (s t , )c  u N U 
l÷O (\ 

.1~~ ( 2 . 0 ) )
1~ s ~~~. . .~~s sN u=I

V P N
(s) 

- i l
= 

1~ ~~~~~~~ sN 
~~~~~~~~~~~~~~~~~~~~~~ 

Li U 
}+o s I - 

M~~~1
) ~

by (2 .6) and ( 2 . 1 6 ) .  S imi  I a r l v , fo r  each i i ( =  I p)

. . . ,.--~~~ - -- - . ,---—, - , - - - --~~~~- . -—- ~~~~~~~~~~~ .. . “--- .- --- -- -~~~ --~~~~~~ . - ~~~~~~~
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-V p ,(s)
(2.22) Eg~ 

~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

u N

wh ere , by (2.6) and (2.16), the first term on the right hand side of ( 2 , 2 2 )

is 0(N ’M
N ~). The product of the p factors of the first erm in (2.22)

involve s N~ terms where as (2 .21) i n v o l v e s  N 1
~~

1 t e rms ; b y ( 2 . 1 3)  and

( 2 . 1 6 ) ,  the  c o n t r i b u t i on of these  N 1
~ ~ N H tenn s is

Ilence , t he  proof f o l l o w s  from ( 2 . 2 1 ) - ( 2 . 2 2 ) .  For p = 2 ,

N .,
and ~

t 
1g~~1

(a~~(s)  ~p~~( s ) )g ~~,(a~~(s) ,p N ( s ) ) p
~~

( s )c  = 0(N )

~P~ ( s) )~~\2 (a~~(s) 
~~~~~~ 

= O(N
~~~

MN S ), so tha t (2 .19)

f o l l o w s  on parall el lines. Q . E . 0 .

3. ASYMPTOTIC NORMAl ITY OF (d 1 ( -
~~~ 

}
— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ N fl Nn Nn

The main  theoreth of t h i s  s e c t i o n  i f  t he  f o l l o w i n g .

Theorem 3 .1. ~~~v (2.6)-(2.8) and (2 . 1 2 ) ,

(3.1) L(d
~
’(:N~~~ N

))  N(0 ,1)

Proof. Unlike the approaches of Baum and B i l l i n g l ey ( 1965) and Rosen

(1969 , 1970) , our proof rests on a construct ion of a (tn angular a r r ay  o f )

m a r t i n g a le s  r e l a te d  to  
~~N~~~’ Let be t h e  si gma-field genera ted by

~~N J .i k } , k � 1 , and let  he t he  t r i v i a l  si gnm a— fieId . Ilien , f or

every N , is non -dec rca sing. For eve rv  N , ii ( - i )  , we d e f i n e

(3.2) X~~~ Nk
(l

Nk
) c  , ~~ P~ ( 1~~ 1 , k - I ; \

( T  
= 0

(3.3) ~~~~~~~~ = 
~ l~

’N t
~ 5

(s)e , k l , ~~~ =0

— -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,- -
~~—... . ._ ~~~~~~~~~~~~~~~~~~ . ..—.. . ~~~~~~~~~ .~~~~~~~~~~~~~

. 4
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ari d cons id er the sequence

(3 . 4 )  = - L ( X ~~~ BNk- . 1
)

= (X~~~ - ~ (fl )
) + V

k
X
(
~~
)
Q (l+Q )

k~ V K ‘1Nk N k ~u=0 NV Nv Nv ‘ ‘

Then , on deno t ing by

(3,5) SNk = 

~=0~S~Y , K 0 and ~~~ = 

~~~~~ 
, k � 0

we obtain from (3.2)-(3 .5) that

(3.~~ ~~~ 
s=l

d
N (5)e l p ~~( s ) ]  -1 ) , k~~ 0

( 3 . 7 )  ~ (n) 
~=l

Y NI e 
~~~~~~~ 

QNi ( 
~N i 1 I , k � 0

(3 .8) E(S
~~~

j S N K l ) ~~~~ 
V k� i

so tha t for ever ~’ N , n (�l), ~~~~ 8Nk~ 
k~~~) } is a m a r t i n g al e .  From

(2.6) and (3.6), it readily follows that

(3 .9 )  
~~Nn~~~~Nn 1 = 0(1) , for every N ,n

-n Q .
Also , note that 

~~~l
(Y N .Q N

.e N1
(1+Q )

1~~l
1 < ~~ f l 1 y <~~ \ 1. 1 ( ç ) ~~ ) ( ç )

� ~~~~~~~~~~~ by (2 . 6 )  and ( 2 . 1 4 ) ,  w h i l e  for x t  (0,1), 1 :.c X
(l+x)

fl
~~ 1- nx

2
,

so tha t under  ( 2 . 6 )  and (2.12), we have from (3.7) that S~~~
_

\11
+~ \,1 j is

bounded , w i t h  p r o b a b i l i t y  one . Thus , by ( 2 . 15) , (2 . 11) and the above , we

conc lude  tha t  for  ev e r y  6 > 0 , there exists an ) , such that under

(2.6) —(2.8) and (2.12) ,

(3.10) P(d~
1 

Nn~~~Nn 1 >~- T = 0 , V N~~~ J
0

(~~)

- -.-,——- -- -~~~~~~~~~~~~~~~~~~
---

~~~— -—_ .-.--  
~~.. .-
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Consequently , i i  s u f f i c e s  t o  show that  under ( 2 . 6 ) - ( 2 . 8 )  and (2 , 1 2 ) ,

( 3 . 1 1 )  L ( d ~~~S~~~~) N (0 , l )

No w , for  the  m a r t i n g a l e - d i f f e r e n c e  a r ray  {d~~~~~~~ ; k � n } , b y (3. 4 ) ,

( 3 . 1 2 )  
~ ~~Nk ’ ~ ~~~~~ + 

~~~~~~NV ’~~NV
, 1 k ~ n ,

where ~~ ~~~ l~~
a
N (s)Ip N

(s) ~~~~~~~~~~~~ Also , 
1~~S~ N~~ N~~~~

1 =

0 (N 2) = O(d
N ), by (2 .7), (2.13) and (2.14). Finally, 1~~~ IY \,c IQ \~,}

l (a N (s)lp N
(s) ~~~~~~~~~~~~ V k � l .  Hence , for every c >0 , there exists

art N0 (cj ,  such t h a t

( 3.  13) P{l~~~~ d
N
u
IX~~~ > c} = 0 , V N N

0
(c)

th ~ above equat ion a l so  insures tha t

max -l ~ (n)  .
(..l4) 

1 K 
d
N IX Nk I is uniformly bounded in l~7 norm

F u r t h e r , by (3.4)-(3.8), F ( [ S ~~~~~]
2

) = ~~~~~~~~~~~~ and some rou t ine

steps leads us to

-
~~ ~-(n) 2(3.15) dN

E([ S
N 

] ) -
~ 1 as N -

~

Thus , by v i r t u e  of ( 3 . 13 ) - ( 3 . l5)  and ( 3 . 8 ) ,  we are in a p o s i t i o n  to  use

the  r e c e n t l y  deve loped  cer .tra l l i m i t  theoresm by I)voret:Kv (1972), Scot t

( 1973) and ~Ic Leish  (197-)) , and to  prove (5 . 11) , i t  s u f f i c e s  to  show t h a t

(3. 16) 

~ {~ 1 ~~~ - ~~~~ i} ~ 0 ,

where

L . ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .
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(3.17) ~~~ = E([
~~~~

rIBNk ~
1 — . l i ) )  - sI -

= 
~~~ l

a N
(s ) I )

N
( s ) e  

~~~~~~~ ~

k-I 2 
-2

~~~ 5~~ 2 ( k - i )
- 

~v=l
Y
NvQNV

1

(ii) k- i ~~~ k-i ~- 

~~Nk - 

~v=i
Y
NVQNv

0 v (l+Q
N

) ) , k -
, 1

By steps similar to those after (3.12) , i t  f o l l o w s  t h a t  the  arc

all hounded with probability 1 , while , by (2.1 3)-(2 .14), d
N 

= O(n  ) .

Hence , to prove (3.16), i t su f f i c e s  to show tha t

(3.18) l k
m

ICov (~~~~~,l~~~~ + 0 as ii

Pe f in ing  g~~ ( V~~~ Q~~ ) as r Q e  
NV (1~~Q ) 2 ( k - 1 )  

(o r  1
Nv~ Nv~ 

(1  
~~N\~ 

~l
)

it readily follows that (2.i5(- (2.16) hold with M
N 

= 0(1) (or 0(N 2) and

M
N ,,) 

— M
1 

(or M~), and hence , (3. 18) can he proved di rectlv by repeated use of

(2.18)- (2.20) for the individual term s in the expansion of by (5 .17).

Q. F . U.

We may remark that intuit ivel v one ma c a t  tempt to work  with the alterna—

t lye construct ion : = “Nk - 1
~~~N K I 6 N k i ) , K I “ No 

= 0. t h e n , one w o u l d  h a v e

(3.19) Nn = 

~k=l~ Nk = 

~k=l~
” Nk 

- 
~~~~~~~~~~~~~~~~~~~ 

+

= (:
N ~~NTi ~ 

- 

~k=I ( n - k )  
‘~~N~~~N 

-

Whereas the asyiliptot i c norma I i  t y of d~~H \ 
m ay  he proved a I onp the s.imc

lines as in , t h e  second t c m i  on the ri ght hand s i d e  of 3 . 191 is not

gener a i i  
~ ~~ , so t h a t  t hi s p a r t  i ci ii a r con ct  ruct i o n  m a y  not  be very

he ! phi I I or the des I red norma li t  V of ( - 

-,.-~~~~~~~~~~— .
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~. 
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4. CONVERGENCE OF FINITE DIMENS IONAL DISTRIBUTION S

For an arbitrary positive integer b , consider a sequence of pOsi-

t ice integer s 
~~1N < < 

~
lbN

} where

( 4 . 1 )  0 < 
lim irif 

N ’n lN 
llm SupN

_ l 
<

We are b a s i c a l l y  in teres ted  in the  asymptot ic  m u l t i n o r m a l i t v  of

(4 . 2)  N 2 [Z N~~~~~~N
, .  

~~~~~~~~~~~~~~

when (2.6)-(2.8) and (4.1) hold , and we impose 12.14) without any loss of

genera l ity. Let us define = 

~~~~~~~~~~~~~~~ 
by

,k=q(=l h)
nKN

-1 ~N 2 n
\pN

(s)
~ 

~S=l N~~~ 
(1-c )

°k q , N = 

~N n [  l
aN (s)P N (s)e~~~~ I [~~~~

1 a~~( s )p ~~( s ) e~~~~~~N ] ,

1 � k < q < h

(4.3) ~~~~~~~~~~~~~~~~~~~~

Rec a lling that a vector LN 
is 

~~~~~~~~ 
if for every \ :0,

N
i

(0 ,A ’
~~N

A ), we have the following.

Theorem 1. 1 . “I ~~i. ‘ o ( 2 . 6 )  —(2.8) in~ (4 . 1 )

(4.4) L(N 2[2
Nn~~~~ Nfl~~~ 

1 .
~ h l )  * 

~~~~~~~~
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Proof .  l)efine ~~~~ ~~~~~ k � 0 , as in Sec t ion 3, Let then

(v
‘ Nk ‘ ~j — r ~~~~~~ fl ,

(4.5) = 

jO , k n ;  

§(n) = ~
k~~~~(n)  

k � 0

Note that ~~~) 
~~~~~~~~~~ for k � n  and ~~~ =S~~ for k>n. Thus , pro-

ceeding as in (3 . 9 ) - ( 3 . lO ) , under ( 4 . 1 ) ,  i t  s u f f i c e s  to  show tha t
(n. )

N 2
(~ N

J N 
, 1 � j s b) is N

b
(O ,

~ N
). For this purpose , consider an

arb it rary linear compound (where A :0)

h 
(n. ) n 

b 
(n. ) n

( 4 . 6 )  ~J !
A

J
N~~~SNn

J N = N 2
~ k~~ ~ i l X i X

Nk ) = N 2
~ k~~~X~ k , say

* b (n. )
where XNk 

= 
~j=l

A
j
XNk , k � 1. Note that by (3 .2 ), (3.4) and (4.5),

E ( X ~k I 8 N k l
) = 0, V k ~

- 1 , and , we may virtuall y repeat the proof of Theorem

3.1 [viz., (3.l2)-(3.18)] with being rep laced by x~~~, the d et a i l s

are omitted . Q .E .D.

The prescribed inar tingale approach prov ides  a solut i on , considerably

shorter and neater than the one given in Rosen (1969) .

S . AN IN V A R I  ANCE PR I N(’ 1 PLC FOR TI IF BONIIS SLIM PROCESS

l~)r an a r b i t r a r y  ‘~ (0 < T  < w)  , l e t  .1 = [0,1 1 ,  ar Id f o r  1) . x~~ v T,

define

-! N 
_Ny’p~~(s ) _Nxp

N
( s )

= N  ~~~ 1
;i~~(s)e [1-c

-Nxp (s) -N yp ,(s)
( 5 . 1 )  - x 1~~~~l a

N ( s ) P N
( s ) e N } [y N 1

a
\
(s)l)~~(s)e 

N } 

- — -  - -_ ._-.~~~~~~~~
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and let YN
(x ,y) =Y N

(y, x) for 0~ y~ x~ T. Proceeding as in (2.!0)-(2 .ll ) ,

it can be shown that y5(x
,y) is (un i f o r m l y  in N a continuous function

of (x ,y) ,1 . Let us then def ine

(5.2) y~ (x,y) =Y N (x,
x) 

~~~~~~~ 
-2~~~(x ,y ( , V (x , v) c.J

0
It follows from (5.1) and (5.2) that ~y~ (x ,y) � O , V (x , y )  .., J , and , more-

over , by using (2.6)-(2.8) and (2.14), it fo l lows  by some standard steps

that there exists a positive constant K(c~~) , depending only on I and

the M. in (2.6)-(2.8), such tha t

( 5 . 3 )  SUP y~~(x , y) K~y-x~ , V (x ,y) c

Let = [
~ N

(x), x cJ ] } be a sequence of (independent) Gaussian

func t ions on J , where EYN(x) =0 and Ey N ( x )y N~
v) 

~ N (x , y ) ,  V (x ,v) . J .

Then E[t
N
(y ) - cN

(x) I = 2(E[~~~(y ) - 7N (x)F~~ 
= 211N

(x ,v)1 S 2K~~(v-xY,

V( x ,v) ~ J , so that by the Kolmogorov existence theorem , for every N ,

~N 
beLongs to the space C [J], with probability I .

Now , for every N , cons ide r  the sample process W
N

= {W
N
(x), x dl ,

where

(5 .4)  W
N
(x) = N 2

EZ
NEN ~N [Nx J~ 

‘

[si being the largest integer s. Then , W
N 

h e 1on~~s to the space l l ( J ~

endowed with the Skorokhod .i 1 -topoiogy.

Theorem 5.!. f Inder ( 2 . 6)  — ( 2  .8 ) and (2 . 14) , {W
\
} ~~ {t

\
} :n .~ ‘ ‘i ; ’  n : ~ ‘.1 —

. ‘a/e n~ in ( 0.’ , in t~~ ’ j
1~~ 

t. ~~~~~ I ‘P1 I)[.11

— 
~~
_

~~~~~~~~~~~~~~~~
_ _ .~~~-*__ ._, _ __  

~~~~~~~~ 
_ .,-  ,-.-—- . -~~~~~~

_ - -_ - .---~~~~~ -~~
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Proof.  We need to show that (a) the finite dimensional distrihut i ons of

(W
N
} are convergent equivalent to the corresponding ones of 

~~~~ 
and

(b) that {WN
) is t i ~,’h t .  Now , (a) follows readily from Theorem 4.1. Also ,

by ( 1 . 4 )  and ( 5 . 5 ) ,  WN (O) = 0 , w i t h  p r o b a b i l i t y  1 , V N. Hence , to prove

(b) , it s u f f i c e s  to show t ha t  for  every c > 0  and q > O , there e x i s t s  a

ó:  0 <  ó < T  and an interger N
0
, such t h a t  for  every J and N � N

0
,

(5.5) P{sup[ (W~ (y )  - ~~~x) x 
~ 
y ~x - S )  V o l  > ci < q~/T

Suppose tha t in (5 .4), we replace 
N 1N 1 ~N [Nx] 

by ~~~~~~~ x J , and

deno te the resul t ing process by W
N • Then , proceeding as in  ( 3 . 9 ) - ( 3 . l 0 ) ,

it follows that for every 6’ >0 ,

(5.6) 
+

~~~~~~~ P{~~~~~~~(x )  
~
W
N
(x)I >c } = (I

h ence , it s u f f i c e s  to prove (5.5) w i t h  ~~ replacing W
N • Towards this

note that

(5.7) N 2 (S~~~~~S~~~~) = N ~~ (S~~~ -S~~~ ) + N 2 (S~~~~~~ S~~~~~) , V k~~ 0

Since  ~~~~~ ~Nk ; k 1 }  is a rnarti ngale , hv (3.12), (3.14) and (3.19)

(insuring that [Y k i  I t NK ~
1’t Nk I}/d~~[NX l ~ I , V x~ f l ,  we are i n  a posi-

t ion to use Theorem 2 of Scott (1973) and this , alo ng with (2.13) and ( 2 .  1 4 1 , j
i m p l i e s  t h a t  for  ever~ ~ 0 and 9 > 0 , t h e r e  e x i s t  a i~~: 0e1S <M and an

N
0
, such that for N N~~, n (Nx J , x .1

(5.8) ~~~~~~~~ ~~~~ >
~~2

,~lso , ii we choose S( II) so sm a l l  t h at 1 , then for I n —k i .

L~~~ . ,~~~~~~~~~~~ 
_ _ _ _ _ _
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(n-k ){l
m
~~N PN(~

)}
~ ~~~ 

<~~~~~ 
by (2.6). Flence~ for n � k �  (n-6N) A 0, we

obtain from (3.7) that

( 5 . 9 )  N 2 (S
)
~~S~~~~ ) ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~

where

( 5 . 1 0 )  g , k , 
(a ,b )  = N 2 (1 k)h) [e 

kb
(l+b)

k 
- he ~~ ( l + b) ’ ~

l~ i s k S n ~~ Nt

Note that by (2.6)—(2.7), for every n � N t , (2.15)-(2 .17) hold w i t h

= 0 ( N ~~ (n~ k)N 
2

j~~~
X

N ! aN
s) I )  = 10(1)1 [(n-K)/NI, M114 

= N 2 n-K ) .0 ( 1 )

and M 5 ~ 
= N ~ ( n — k ~~~• 0 ( i  ) . h ence , b y ( 2 .  19) — ( 2 .  10) and (5.9)—(5. 10) , we have

(5.11 ) E{ [N 2(S ~-S~~~ ) r M* [N
1 
(n-k) 1

2

V K :  NT n K ( n -  N )  V ()

wlie re M * 
~~~ 

does not depend on S. By (5. 11 ) and Th eorem 12 . 2 of

B i l l  ingslev ( l 9~ 8 , p . 94) , we conclude that tor every ii TN , t ~

( 5 . 1 2 )  

~~~ 
N !S~~~ -S~~~ I > i

2C}~ K i  
-2~ 2 , K* <~~~ .

and K * does not depend on r and ~~~. For ~‘~‘cr~ c > 0 , Ti ~ 0 and I ~
- “

we choose ~S( ()  I so sma I L that ~ ‘.. r o / 2 K * I , so t h a t  t he r i g ht hand side ’

of (5.12) is ‘2~~S/T . From ( 5 . M ) and ( 5 . 121 , we o b t a i n  t h a t

(5 .13 ) P{~~~~~~~~1
N s~~~ -s~~~~I 

..
~ } .  ri~ /I , ~ NI ’ ‘n ~K (n- N) v () ,

and t h i s comp le t es the  pr oo t’ of (~~.5 ) (for 1 . . 1 - I ’ .

- .~~~~~~~~~~~~~

~,
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I N VA R1 AN CE PR I NC I P EE FOR T ill:  WAITI  N C I I M E PROCE SS

We d e f i n e  t he  ‘ , ‘ : i t ’ i . ; I ipn, ’ . : IJ
N

( t )  . t ‘ 0  as in (1.5). Note that here

a l l  t he a
N 
(s) are assumed to be non—negative , so that is ~~ i n

K ( O ). Here also we make the assumptions (2 .6)-(2.8) as w e ll as the con-

vent  ion (2. 14) i.e., N
1
A N ) i , so that 0 S A

N I  ~ 
1.  We assume that

( 6 . 1 )  
l i m i n f  

~N 1 ~ ~~

Note that by (2. 14)  and (2.7) , l ’ c N  
N Ia \

(s) I = 0 (1), so that N 2 IY N K
K >  1 arc all un i forml y asymptoticall y ( a s  N -

~ ‘9 neg l i g i b l e . Fur ther , by

def i n i t ion S NA , V n 1 , so t h a t  i n  ( 1 . 5 ) , we are only interested in
Nit Nl

the domain t N\~~. Let us d e f in e  
~Nn ’ TI ~ t) as in  ( 2 . 3 )  and i n t r o d u c e  the

sequence 
~N 

= {
~~N

(x) : () x ~ N A )  by lett i ng

(6.2 ) = x , 0~~x~~N.\
N t N

(x ) I

Note that by (2.3) and (6.2), ~~ (x ) is non—decreasing and

rN -
~~~ 

( x ) p ~~( sf l
1

(6.3) ~i,~(x) dx ~~~~ 
= I ~ 

.I
5
(s )p~~(s)e 

N

TN , 
-

~~~ (x)p .(s)1
( 6 . 4 )  c~~ ( x )  =~~~~~

- (~~~~~( X )  = ~1~~ s h 1 ~~~s~~ 
N N

Thus , lr~’ steps s i m i l a r  to t h o s e  in (2. I0)—( . 1 1 ) ,  it ~~~~ be ‘- E o w n  t h a t  t in d e r

( 2 . 6 ) - ( 2 . 8 ) ,  ( 2 . 1 1)  and ( h . I ) . fo r  x = N u , 0~~ ii \~~, ~~~) N i i )  and i~~( N t t )  ar ( ’

cont i nu ot i s  t i t n c t  i o n s  of u and , ft i r t  he r

.5) t ’, ( N i t )  = I) ( 1)  and .t ’ , ( N i t ) - I) ( N  ) ; ()  e~ .i t o r d e r
N c N e

l e t us .1 1 ~o de t t in ’ • V ) is in (3. I) md .et
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)~~ ( N u )  = I~~N (a
N

( N u ) , :
~N

(Nt1)) (~~~(N u) 12 , 0 u A
1

Then , note t h a t  by (6.5) , for  ev e ry  u ‘: (0 ,A 1 
) and f i x e d  ~( fy I ‘ K) , as

N

(~~. 7) N 2
I~~N

(Nu + N~~) - aN
( N u )  I

~~~~ (Nit) + v N 2
~~ (Nit + ON y)  (0  < q < I )

= va~~( N u )  4 DIN
:)

F u r t h e r , by ( 6 . 2 )  and (1 .5) , f o r  every V and u (0 ,A
1

( 6 .8 )  p {ll
N

(Nu)  >~\(Nu+N V)} = P{:
N (N NH 

Nit)

= I’ 1 N ~I ’  i -~~~ I ‘
~ N [ N L I - ~ i II ‘ N L ~ ( N u + N  -‘y’ ( ~ Na~ ( N u ÷ N  2v) 

‘ ‘ N~~ (NusN 2v)

= 1
~

(W
N
(N ’

~ N
(Nu+N

~~~
)) -v} , by (6 . 2 )

where h
N
() is  de f ined  by ( 5 . 4 ) , and by (6 . 7 ) ,  N

l
[~~N

) N i 1 4 \ 2\ L .~ N
( N i l ) J  0

is  N “ , V u (0 , A
1

) . Hence , h~ Theorem 5.1 (vi :., (5.5 )J , t h e  r i g ht hand

side of (6.8) is convergent equivalent to

16.9) P{W
N
(N
~~~ N

(N )) ~
. -y }  , for every finite V

On the other hand , for e v e ry  t i f l i t ( ’  ~ an d it 
~~~‘ ‘l 

by  ( ( ‘ . 7) and (6 . S )  •

( 6 . 1 0 )  = P ) I J
N

( N t i )  ~~ \
( N it ) 4N ’~~ I Nii )\}

= P ! l J
\
(NLl) z

\
(Nu+Y)’

N
(Nu )’/ ~~( \i ) + f l (  i h i

I’) 
~~~~ 

N1l #N .\(:.
N 

N i t  I t ,’ ( \ i i  1 + 0 (  IH 
~~
‘.
~~

‘
~\

( N i t  I / ( N i t )  ‘ O (  \ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ --- . --
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Now , by (5 .1) and ( 6 . 4 ) ,  ( 6 . 6 ) ,  
~N

(N u )/a
~
(Nu) = 

~~~
(a

N
( N 1

~~~
, ~N ( N u ) ) .  and

by (2  . 10) and ( S . 1) , i t  i s 0 ( 1 )  . Hence , by the convergence e q u i v a l e n c e  of

( 6 . 8 ) — ( 6 . 9 )  , the r i ght hand s ide  of (6.10) is convergent equivalent to

(6.11) P{W
N
(N ’

\(i1Nfl/~~~
(
~ N

(Nu), 
~~~~~~~

I ~~~~~ r
~ ~~~~ j exp (- ‘2 t )dt = 

~~~
‘ 

J 
exp (— ~ t )dt

-

b~’ Theorem 5.1. Ilence , we conclude tha t

(6.12) L (N [UN
(N u )  

~
a
N (~~

) 11
~ N 

(Nit)) N(O , 1) , V u (0,A 1
)

Let J* = t0 ,T*1 for some 0 <T~ < A 1 
and cons ider  a sequence of sto-

chastic processes W~ = f W ~~( u ) ,  u~ j*}, N > 1 , where

(6. 13) W~ ( U)  = N ( N i t )  
~~~N 

(N i t )  (Ni l )  , 0 ’  u T~ .

Let us d e f i n e  
~N 1’’

~ 
as in (5.1) and ~\ L )  as in (6.2), and le t

(6.14) ~~~~~~ = 

~~~~~~ 
a

N
(N I1)  

~ 
, u ,V~

Since 
~N

(x) is a monotonic transforniat ion of x , d e f i n i n g  [
\

} as i n

a t’ter (5. 3 I . by t ran s format ion of t he t inc—parameter , we obt  a i T t  a sequ en ce

of Gaussian function s where r ,~ = {~~~~~ (t i )  . u .1*) wi th L ,~~(u) = 0

and lfT ~~(u )r,~ (v) = y~~(u , v)  , V u ,~ 4

‘I’heorern 6.l . ‘~ , 1. ’p ’ ( 2 . 6 ) — ( 2 . 8) , (2 . 1 4 )  ,~n !  (6 . 1 ) ,  :‘ ‘i’ ; ‘ - r ’  I ‘~A 1
,

.10 % {
~~

} ,
~~~ ~~~~~~~~~~~~~ ~i t  • ‘ j i I .~1~ J i ‘i~ ~P . ,

‘

Proof . For cvcr~ g i v e n  m ( ” I )  and ii it
1 

. . . - u  s , v r t u a 1 l~’ repeat ing

the  s t eps  (6 . 8) — ( 6 .  I I )  , bitt working with  the vi.’ct or case , i t  t’ol l ow — that

-

~ 

_ _ _ _  
_ _ _ _ _ _ _ _  _ _
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V
(6 .  15) I

~~~
u1
~ 
) , . . . , W~ ( u l  I [~~~ (u

1
) , . , . , ‘.~~( u )  I

Also , recall that by (1.5)

( ( i . l 6 ) 
~ N ( I

\
( t )  ~ 

~ ~~~~J ( ~~) 
+ 

~N (i
5
(t)+l 

, V t ~ 0

wh ere by (2.7) and ( 2 . 1 - 1 ) ,  
k~~1~~~~Nk ’ ~ ~~~~~~~~~ I = 0 ( N ~~) .  Hence ,

(6 . 1 7 )  ~~~~~~~~~~~~~~~~~~~~~~~ ~ ~ as N +

On the other hand , by Theorem 5 . 1 and (~~
. 2 ) ,

(6. 18) L~
t
~~~I N ~~~ N N 1U~~ u f  ~~ 0 , as N

By (6.5), (o . 17) and (6.18) , it follows by some s tandard  steps that

(6.19) SU 1
~~I N

i
LJ ( N )  - N ~\(Nit ) I 0

l la v i ng proved t hi s , we may proceed along the ii ties o I the  proof of Theorem

17 . 3 of Ri 11 ings Ic (19 68 , p . 1.19) and sh ow that the weak convergent eq i t i  .1

l ence of t
~ N~ 

and 
~~~ 

in Theorem 5.1 imp ! i t ’s t he same for and

{
~~ }. Q.F.0.

7 . SOME CONC 1,111) I NC R E MARKS

Parallel to (6.12), Rosen (1i Y’t)( has  obtained the isvnip tot i~’ n o r m a l  i t ~

along with the asymptotic equivalence of aN
( N u )  and I )

\ ( N i i )  :t s ~el  I as

of ~~(Nu ) and \‘:i rl (I
N

(Nu ) 
~~
. However , his condit io n s (2. 7 1—(2. S) .tr~ sonic —

what more rest r i ct i ye t han ours and our Theorem S . I prov ides  us wit it I ’he orem



— — — —

— 2 1 ) —

6.1 under no entra conditions - Rosen ’s approach presumably encouters consi-

derable difficultie s in this respect , Secondl~’, in his Theorems 2 and 3,

Rosen (1969) has studied the convergence of f .d .d . ’ s of {W 8
} to  t h o s e  of

cinder add itional conditions [vi:., h i s  (5 ,4), (5.10)1 which insures

that YN
(x ,y) -

~ y(x ,y) as N -
~ ~ , V (x ,y )  c J , Under hi s setup , u s i n g

his Lemma 3.17 , one can also prove the tightness of {ls’
N
} (b~ u s i n g  Theorem

12.2 of Rillingsley (1968)) provided one assumes (in our notations) that for

some r > 2 , A N / A
~~~ 

= 0(1) , V N ~ N0. In  our approach , these a d d i t i o n a l

co n d i t i o n s  do not appear to he necessary. Moreover , contrasted with his

Ih i iber t space approach , the presen t one appears to he more e l e m e n t a r y  too .

Finall y , throug h the pioneering worK of Rosen (l972a ,h), the coupon collec-

tor ’s prob l em occ up ies a prominen t place in the development of the a s y mp t o t i c

theory of finite population sa mp l i n g  (w i tho ut r ep l acemen t )  w i t h  v a r y i n g  pro-

babi li ties. It is hoped that the results of the present paper w i l l  lead to

more work in this p o t e n t i a l  area .

_ _ _  
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